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013.07.0Abstract A new set of relative orbit elements (ROEs) is used to derive a new elliptical formation
ﬂying model. In-plane and out-of-plane motions can be completely decoupled, which beneﬁts ellip-
tical formation design. The inverse transformation of the state transition matrix is derived to study
the relative orbit control strategy. Impulsive feedback control laws are developed for both in-plane
and out-of-plane relative motions. Control of in-plane and out-of-plane relative motions can be
completely decoupled using the ROE-based feedback control law. A tangential impulsive control
method is proposed to study the relationship of fuel consumption and maneuvering positions.
An optimal analytical along-track impulsive control strategy is then derived. Different typical orbit
maneuvers, including formation establishment, reconﬁguration, long-distance maneuvers, and for-
mation keeping, are taken as examples to demonstrate the performance of the proposed control
laws. The effects of relative measurement errors are also considered to validate the high accuracy
of the proposed control method.
ª 2013 Production and hosting by Elsevier Ltd. on behalf of CSAA & BUAA.
Open access under CC BY-NC-ND license.1. Introduction
Formation ﬂying has been studied by space scientists and engi-
neers since last century, with the intention of implementing
functionality with multiple small satellites instead of a single
large vehicle. The technology of formation ﬂying is important
to 21st-century space and Earth science missions.1 This paper
follows a previous paper in which Han and Yin2,3 presented a
new elliptical relative motion model based on a new set of rel-
ative orbit elements (ROEs). In Ref. 2 out-of-plane and in-plane
relative motions could be completely decoupled. The geometric82339583.
a.edu.cn (J. Yin), hanchao@
orial Committe of CJA.
g by Elsevier
ing by Elsevier Ltd. on behalf of C
14characteristics of elliptical formation ﬂying could be easily de-
scribed using this new ROE-based relative motion model.
The relative orbit dynamics of the relative motion between
two satellites is the basis of formation ﬂying. The most well-
known relative motion models are Hill equations4 (also known
as Clohessy–Wilthsire (C–W) equations),5 which can be used
in near-circular formations, and Lawden’s equation,6 which
is generally used in elliptical formation ﬂying. Orbital elements
are also used to analyze the relative motion between satellites.
Alfriend7 proposed a geometric approach to study relative mo-
tion using orbital-element differences. This approach can be
easily used to study perturbation effects. The eccentricity/incli-
nation vector method, which was used to manage autonomous
formation ﬂying during the PRISMA mission,8 is similar to
method in Ref. 9, but can only be used in near-circular orbits.
Gravitational perturbation effects are also taken into
consideration. Gim and Alfriend10 used a geometric method
to obtain the state transition matrix for relative motion, which
included effects caused by the eccentricity of the reference
orbit, differential gravitational perturbations, and theSAA & BUAA. Open access under CC BY-NC-ND license.
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equations to include quadratic drag,11 and studied the dynam-
ics equation of relative motion in a central force ﬁled with lin-
ear drag.12 Gurﬁl13 developed a generalized analytical solution
of relative motion dynamics in the presence of arbitrary per-
turbations using orbital-element differences. Based on the
averaged method, Sengupta et al.14 proposed an analytical
expression of the averaged relative motion between two space-
craft in neighboring orbits around an oblate planet.
Precise formation ﬂying control is still a new challenge,15
although several relative motion control strategies have already
been suggested for formation ﬂying. Vadali and Vaddi16 studied
formation ﬂying control based on the differences among orbital
elements. Schaub and Alfriend17 developed impulsive feedback
control to establish speciﬁc relative orbits for spacecraft forma-
tion ﬂying. Focusing on optimal control of the J2 invariant or-
bit, Schaub and Alfriend18 investigated a continuous feedback
control law in terms of mean orbit element differences. Wiesel19
derived a two-impulse control method to analyze the optimal
impulsive control problem related to relative satellite motion.
Lovell and Tragesser20 deﬁned a set of relative orbital elements
based on the C–W equation and proposed a multiple-impulse
maneuver algorithm for relative trajectory reconﬁguration.
Han’s new set of ROEs is strictly deﬁned in Ref. 2. A new,
concise, and highly accurate elliptical relative motion model is
derived2,21 based on the ROEs. This paper develops impulsive
feedback control laws for both out-of-plane and in-plane rela-
tive motions based on the new elliptical relative motion model.
The relationship between fuel cost and maneuver positions is
obtained. A sub-optimal analytical impulsive along-track con-
trol method is also derived and analyzed. A mean orbital ele-
ment theory is introduced into the mean ROE-based feedback
control method to reduce the tracking error resulted from the
effects of gravitational perturbations.Fig. 1 Relative motion relationship of two satellites.22. Elliptical relative motion based on ROEs
2.1. Related coordinate systems2
(1) Fo is a spacecraft-centered local horizontal coordinate
system with its x-axis perpendicular to the z-axis in the
direction of the instantaneous velocity. The z-axis points
to Earth’s center while the y-axis completes the right-
hand rule in the orbit plane.
(2) Fn is an Earth-centered node coordinate system with its
z-axis in the direction of the moment of orbit motion. Its
x-axis points toward the ascending node while its y-axis
completes the right-hand rule in the orbit plane.
(3) Fp is a geocentric apsidal coordinate system with its
z-axis in the direction of the moment of orbit motion.
The x-axis points to the perigee while the y-axis com-
pletes the right-hand rule in the orbit plane.
(4) F o0 is a geocentric orbital coordinate system with its
z-axis in the direction of the moment of orbit motion.
The x-axis points to the spacecraft while the y-axis com-
pletes the right-hand rule in the orbit plane.
(5) FI is an Earth-centered inertial coordinate system with
its z-axis ﬁxed at the celestial pole. The x-axis points
to the vernal equinox and the y-axis completes the
right-hand rule in the equatorial plane.2.2. Deﬁnition of ROEs
A detailed deﬁnition of ROEs is given in Ref. 2. ROEs can be
used to describe relative motion between satellites without con-
sidering their relative distance. In this paper, the quantities
related to the chief satellite are denoted by (Æ)0, and those re-
lated to the deputy satellite by (Æ)1. Using the ﬁrst-order linear
expansion method, the relative orbit elements for the relative
motion between two close satellites (which means Dr/
a0 << 1, where Dr is the relative distance between the two sat-
ellites, and a0 the semi-major axis of the chief satellite) can be
rewritten as2
D ¼ n1  n0
Dex ¼ e1 cos x1  e0 cos x0  ðe1 sin x1ÞðDX cos i0Þ
Dey ¼ e1 sin x1  e0 sin x0 þ ðe1 cos x1ÞðDX cos i0Þ
Dix ¼ ðX1  X0Þ sin i1
Diy ¼ i0  i1
DM0 ¼ ðx1  x0Þ þ ðM1 M0Þ þ ðX1  X0Þ cos i0
8>>>>><
>>>>:
ð1Þ
where n ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l=a3
p
is the mean motion of the satellites, l gravi-
tational coefﬁcient, and the subscript ‘‘*’’ represents either sub-
script ‘‘0’’ or ‘‘1’’. a is the semi-major axis, e eccentricity, i
inclination, X the right ascension of the ascending node,
DX= X1  X0, x the argument of the perigee, andM the mean
anomaly. These elements, called orbital elements, are used to de-
scribe the movement of a satellite in classical Keplerian orbits.
The six parameters deﬁned in Eq. (1) can be called relative
average drift rate D, relative eccentricity vector
De ¼ Dex Dey½ , relative inclination vector Di ¼ Dix Diy½ ,
and the difference of mean argument of latitude DM0. These
parameters are also called the ROEs of the deputy satellite
with respect to the chief satellite.
2.3. Elliptical relative motion equations
Fig. 1 shows the elliptical relative motion relationship of two
satellites: O represents Earth’s center, P* is the perigee, and
B* is referred as the right ascension of the ascending node.
nh* is designated as the unit-speciﬁc angular momentum, and
nh* = h*/Œh*Œ, where h* is the speciﬁc angular momentum.
1556 J. Yin, C. HanThe eccentricity vector is denoted as e*. J is designated as the
intersection point of the two orbital planes. P01; B
0
1, and e
0
1 rep-
resent the projections of P1, B1, and e1 on the chief satellite’s
orbital plane, respectively. S0 and S1 represent the current posi-
tions of the chief and deputy satellites, respectively. B0S0
_
is the
latitude argument of the chief satellite so that u0 = x0 + h0,
while B1S1
_
is u1 = x1 + h1. h* is the true anomaly.
As seen in Fig. 1, using coordinate transformation and ﬁrst-
order linear expansion, the linear ROE-based relative motion
equations expressed in the Fo frame of the chief satellite can
be easily derived as2:
x ¼ 1þ r
a
  1
g2
 
aðDex sin u Dey cos uÞþ
g a
r
 
aDM0ðtÞ þ D1
y ¼ r
a
 
aðDix cos uþ Diy sin uÞ
z ¼ aðDex cos uþ Dey sin uÞ þ ra
 
a 2D
3n
þ D2
8>>><
>>>:
ð2Þ
with
D1 ¼ r
a
  1 g
e
 e
	 

a
r
 2
 e
g2
 
aðDey cos x Dex sin xÞ
D2 ¼  a sin hg ½eDM
0ðtÞ þ ðg 1ÞðDey cos x Dex sin xÞ
DM0ðtÞ ¼ DM0ðt0Þ þDðt t0Þ
where t0 is the epoch time, r the position vector of the chief sa-
tellite in the FI frame, r= iri, and g ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 e2
p
. The orbital
elements in Eq. (2) are all referred to as the orbital elements
of the chief satellite. In the remainder of the paper, the sub-
script ‘‘0’’ will be omitted unless declared. Using the ﬁrst deriv-
ative of Eq. (2) with respect to time t, the relative velocity
equations can be derived as follows:vx ¼ ang ar
 2
1þ r
a
 
1
g2
h i
Dex cos uþð Dey sin u

þ ang2 e sin hg ðDex sin u Dey cos uÞ
ane sin h a
r
 2
DM0ðtÞ þ ag a
r
 
Dþ dD1
dt
vy ¼ ang ar
 ðDix sin uþ Diy cos uÞ
þan e sin hg ðDix cos uþ Diy sin uÞ
vz ¼ ang ar
 2ðDex sin uþ Dey cos uÞ
þan e sin hg 2D3n þ
dD2
dt
8>>>>>>>>><
>>>>>>>>>:
ð3ÞBðtÞ¼
 3an tt0ð Þg
2r
a 1þ 1g2 ra
 
sin h
0 0
 r
a
þ 3n tt0ð Þesin h
2g acos h
3a2
2r2
n2 t t0ð Þesin h 3a2r ng ng 1þ rp
 
a3
r2
 
cos hþ aensin 2hg3
0 0 
nasin h
g
e
2a
þ 3a2
2r2
n2 t t0ð Þecos h ng a3r2
 
sin h
2
6666666666664where
dD1
dt
¼ an e sin hg 1ge  e
 
a
r
 2 þ eg2h i
ðDey cos x Dex sin xÞ
dD2
dt
¼  ae sin hg D ane cos h ar
 2
 DM0  1g
e
ðDey cos x Dex sin xÞ
 
8>>><
>>>:
ð4Þ
Eqs. (2) and (3) are referred to as the elliptical relative motion
equations.
3. Inverse transformation
Let
XðtÞ ¼ x y z vx vy vz½ T
ROE ¼ D Dex Dey Dix Diy DM0
 T
DOE ¼ Da De Di DX Dx DM½ T
U ¼ oROE
T
oDOET
; CðtÞ ¼ oX
TðtÞ
oROET
; BðtÞ ¼ oX
TðtÞ
oDOET
8>>>><
>>>:
Eqs. (2) and (3) can then be rewritten as a form of state
transition matrix:
XðtÞ ¼ CðtÞROE ð5Þ
However, the inverse matrix C1(t) is too complicated to
derive analytically. Hence, the following method is used to ob-
tain C1(t):
C1ðtÞ ¼ oROE
T
oXTðtÞ ¼
oROET
oDOET
oDOET
oXTðtÞ ¼ UB
1ðtÞ ð6Þ
The analytic expressions of the matrix C1(t) can be derived
by the following steps.
(1) Solving U
According to Eq. (1), the matrix U can be easily
obtained as:
U ¼
 3n
2a
0 0 0 0 0
0 cos x 0 e cos i sin x e sin x 0
0 sin x 0 e cos i cos x e cos x 0
0 0 0 sin i 0 0
0 0 1 0 0 0
0 0 0 cos i 1 1
2
66666666664
3
77777777775
ð7Þ0 rcos i r a
2g
r
rsin u rsin icos u 0 0
0 0 0  aesin hg
0 aencos isin hg
aensin h
g en a
3
r2
 
sin h
an
g ðcos uþecosxÞ  ang ðsin uþesinxÞsin i 0 0
0 0 0 en a3
r2
 
cos h
3
7777777777775
ð8Þ
B0ðtÞ ¼
0 a 1þ 1g2 ra
 
sin h 0 r cos i r a
2g
r
0 0 r sin u r sin i cos u 0 0
 r
a
a cos h 0 0 0  ae sin hg
 na
2r
g nag
eþcos h
g2 0
aen cos i sin h
g
aen sin h
g 0
0 0  ang cos uþ e cos xð Þ  ang sin uþ e sin xð Þ sin i 0 0
na sin h
g
e
2a
na sin h
g
a
r
0 na
2g
r
cos i na
2g
r
n a
3
r2
 
2
666666666664
3
777777777775
ð9Þ
B0ðtÞ  Bðt0Þ ¼
0 0 0
0 0 0
0 0 0
1 0 0
0 0 0
0 0 1
2
666666664
3
777777775
a
r
ng ng a3
r2
 
cos h 0 0 0 en a
3
r2
 
sin h
0 0 0 0 0 0
0 n sin hg
a2
r2
 
pþ rð Þ 0 na2g
r
cos i na
2g
r
np a
3
r3
 
2
664
3
775 ð10Þ
Elliptical formation control based on relative orbit elements 1557(2) Solving B1(t)Lane and Axelrad22 has given the expres-
sions of B(t) as shown in Eq. (8). The relative state vec-
tor X(t) can be changed to X0(t), which is obtained by
coordinate transformation without considering correla-
tive velocity.23 Afterwards, let B0ðtÞ ¼ oðX
0ðtÞÞT
oDOET
, which
can be expressed in Eq. (9).
The Poisson bracket theory24 can then be used to obtain
the matrix ðB0ðtÞÞ1; which is given in Ref. 23. Combining
Eqs. (8) and (9), the equations shown in Eq. (10) can be
obtained:
where p= a(1  e2). Formula ðA11  A12
A122 A21Þ1 ¼ A111 þ A111 A12ðA22  A21A111 A12Þ
1
A21A
1
11
can be used in order to derive B1(t0). LetA11 ¼ B0ðtÞ; A12 ¼
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 1 0 0
2
64
3
75
T
A22 ¼
1 0 0
0 1 0
0 0 1
2
64
3
75
A21 ¼
a
r
ng ng a3
r2
 
cos h 0 0 0 en a
3
r2
 
sin h
0 0 0 0 0 0
0 n sin hg
a2
r2
 
pþ rð Þ 0 na2g
r
cos i na
2g
r
np
a3
r3
	 

2
6664
3
7775Fig. 2 Layout of the ROAfterwards, Bðt0Þ ¼ A11  A12A122 A21, hence B1(t) can be ex-
pressed as:
B1ðtÞ ¼
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
 3nðtt0Þ
2a
0 0 0 0 1
2
666666664
3
777777775
1
B1ðt0Þ ð11Þ
(3) Solving C1(t)Substituting Eqs. (11) and (7) into Eq. (6),
the expressions of C1(t) can be obtained. The detailed
results are given in Appendix A. The ﬁnite difference
form can then be obtained to design the control strategy
as follows:
dD
dDex
dDey
dDix
dDiy
dDM0
2
666666664
3
777777775
¼
oD
oDvx
oDex
oDvx
oDey
oDvx
0 0 oDM
0
oDvy
0 0 0 oDixoDvy
oDiy
oDvy
0
oD
oDvz
oDex
oDvz
oDey
oDvz
0 0 oDM
0
oDvz
2
6664
3
7775
T
dvx
dvy
dvz
2
64
3
75
ð12Þ
where dv ¼ dvx dvy dvz½ T is the impulsive velocity incre-
ments. dD, dDex, dDey, dDix, dDiy, and dDM0 are the impulsiveE-based control law.
1558 J. Yin, C. Hancontrol quantities of ROEs, which are the differences between
the scheduled ROEs and the current ROEs.
The control layout of the ROE-based method is shown in
Fig. 2. dROE ¼ D De Di DM0½ ; DR ¼ x y z½ ;
DV ¼ vx vy vz½ . The relative position and velocity vectors
can be obtained from the orbit dynamics module. Transform-
ing both sets of relative vectors into the corresponding orbital
elements, it is easy to obtain the current ROEs of the deputy
satellite with respect to the chief satellite. Moreover, the de-
sired ROEs correspond to the desired formation of the deputy
satellite with respect to the chief satellite. The control quanti-
ties of ROEs are then computed as the differences between
the desired and current ROEs. With the control quantities,
the ROE-based control law module could generate control
command to drive the controller and actuator module.Accord-
ing to Eq. (12), the following two conclusions can be obtained:
(1) the impulsive velocity perpendicular to the reference orbital
plane, dvy, only affects the relative inclination vector, Di; (2) D,
De, and DM0 depend on the in-plane components of the impul-
sive velocity, dvx and dvz. Thus, the relative motion control law
can be divided into two parts: out-of-plane control corre-
sponding to the control of Di and in-plane control correspond-
ing to D, De, and DM0. Out-of-plane control is deﬁned as
maneuvers that produce a velocity increment orthogonal to
the reference orbital plane. In the same way, maneuvers that
produce a tangential force is called in-plane control. Obvi-
ously, the in-plane and out-of-plane relative control strategies
can be completely decoupled based on the ROEs.
4. Elliptical formation ﬂying control laws
4.1. Out-of-plane control
Out-of-plane control is used to change the relative inclination
vector of the deputy satellite. According to Eq. (12), the fol-
lowing maneuver equations can be obtained as:
oDix
ovy
¼  r sin u
gna2
oDiy
ovy
¼ r cos u
gna2
8><
>: ð13Þ
The transfer solutions of Eq. (13) are as follows:
jdvyj ¼ gna2r kdDik
udiy ¼
dwi  0:5p; dvy > 0
dwi þ 0:5p; dvy < 0

8><
>: ð14ÞFig. 3 Control frame of the relative inclination vector.where dwi ¼ arccosðdDix=kdDikÞ, kdDik ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
dDi2x þ dDi2y
q
, and
udiy is the latitude argument of the chief satellite at the time
of the maneuver. According to Eq. (14), the magnitude of
the thrust and the corresponding impulsive position can be
determined to obtain the desired relative inclination vector,
as seen in Fig. 3.
In Fig. 3, P refers to the perigee of the reference orbital
plane, and A is the apogee. B represents the right ascension
of the ascending node. The conclusion of dDi^II0 can be ob-
tained in Fig. 3. When the orbital radius r at the impulsive
point is smaller, the fuel consumption is higher, which differs
from the out-of-plane relative control problem in the circular
reference orbit.
4.2. In-plane control
According to Eq. (12), the in-plane maneuver equations are
dD ¼  3g
r
dvx þ 3 _rna2 dvz
dDex ¼ 2gna cos uþ _rn2a2 ra sin u
 
dvx  g sin una dvz
dDey ¼ 2gna sin u _rn2a2 ra cos u
 
dvx þ g cos una dvz
dDM0 ¼ 1þ 1
1e2
r
a
 
gg sin h
na
þ 3gðtt0Þ
r
h i
dvx
þ g
na
g cos hþ r
a
2
na
 3 _r
na2
t t0ð Þ
 
dvz
8>>>>><
>>>>>:
ð15Þwhere _r ¼ nae sin hg and g ¼ 1ge . When the chief satellite’s orbit
eccentricity e „ 0, the in-plane maneuver equations are much
more complicated. Apparently, the analytical solutions of the
in-plane control problem are difﬁcult to obtain.
Because the along-track maneuver method is generally used
in space missions to change the magnitude of the orbital veloc-
ity, this section proposes a tangential control method to study
the relationship between fuel consumption and maneuver posi-
tions. The following equation can be obtained based on Eq.
(15):
dD
dDex
dDey
dDM0
2
6664
3
7775 ¼
oD
ovx
oD
ovz
oDex
ovx
oDex
ovz
oDey
ovx
oDey
ovz
oDM0
ovx
oDM0
ovz
2
666664
3
777775
cos n
sin n
 
dvt ð16Þ
where dvt is the along-track impulse, n the angle between
the along-track direction and the x-axis of Fo,
sin n ¼ e
ﬃﬃ
l
p
q
sin h
v
, cos n ¼
ﬃﬃ
l
p
q ð1þe cos hÞ
v
, p= a(1  e2), and
v ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þ e2 þ 2e cos hp ﬃﬃl
p
q
. Because the relative average drift
rate D is equivalent to Da and Da ¼  2aD
3n
, Eq. (16) can be
rewritten as:dDa ¼ 2a
1e2 ð1þ e2 þ 2e cos hÞ dvtv
dDex ¼ ð2 cos uþ 2e cos xÞ dvtv
dDey ¼ ð2 sin uþ 2e sin xÞ dvtv
dDM0 ¼ 2 sin hg e 1 ra
  g þ 3nðtt0Þg2 ð1þ 2e cos hþ e2Þn o dvtv
8>>><
>>>:
ð17Þ
The relative eccentricity vector De can be transformed from
the Fn frame to the Fp frame as follows:
Fig. 4 Relationship of maneuver positions fht1 ; ht2g.
Fig. 5 Solutions of maneuver positions fht1 ; ht2g.
Elliptical formation control based on relative orbit elements 1559dDexp ¼ dDex cos xþ dDey sin x
dDeyp ¼ dDex sin xþ dDey cos x
(
ð18Þ
Thus, Eq. (17) can be rewritten as:
dDa ¼ 2a
1e2 ð1þ e2 þ 2e cos hÞ dvtv
dDexp ¼ 2ðeþ cos hÞ dvtv
dDeyp ¼ ð2 sin hÞ dvtv
dDM0 ¼ 2 sin hg e 1 ra
  g þ 3nðtt0Þg2 ð1þ 2e cos hþ e2Þn o dvtv
8>>>><
>>>>:
ð19Þ
Let Dvt ¼ Dvtv and dDa ¼ dDaa , and let dvt1 and dvt2 be the two
required tangential impulses. The true anomaly ht1 is the posi-
tion of the ﬁrst impulse, and ht2 the position of the second im-
pulse. The subscript t1 denotes the ﬁrst tangential impulse and
t2 denotes the second tangential impulse. Because the control
of dDM0 is complicated and there may be no solutions in Eq.
(19), dDM0 can be controlled in another way. Thus, the follow-
ing equations can be obtained:
dDa ¼ 2
1e2 ð1þ e2 þ 2e cos ht1 Þdvt1 þ ð1þ e2 þ 2e cos ht2Þdvt2½
dDexp ¼ 2ðeþ cos ht1Þdvt1 þ 2ðeþ cos ht2Þdvt2
dDeyp ¼ ð2 sin ht1Þdvt1 þ ð2 sin ht2Þdvt2
8><
>:
ð20Þ
Based on Eq. (20), the following equation can be derived:
dvt1
dvt2
 
¼
sin ht2 ðeþ cos ht2Þ
 sin ht1 ðeþ cos ht1Þ
 
dDexp
dDeyp
 
2ðeþ cos ht1Þ sin ht2  2ðeþ cos ht2 Þ sin ht1
ð21Þ
Combining Eq. (20) with Eq. (21), the following equation
can be derived:
dDa ¼ ð1þ e2Þ cos ht2 þ ht1
2
þ 2e cos ht2  ht1
2
 
dDexp

þ ð1 e2Þ sin ht2 þ ht1
2
 
dDeyp

ð1 e2Þ e cos ht2 þ ht1
2
þ cos ht2  ht1
2
	 
 
ð22Þ
Eq. (22) can then be changed to
a cos
ht2 þ ht1
2
þ b cos ht2  ht1
2
¼ c sin ht2 þ ht1
2
ð23Þ
where
a ¼ eð1 e2ÞdDa ð1þ e2ÞdDexp
b ¼ ð1 e2ÞdDa 2edDexp
c ¼ ð1 e2ÞdDeyp
8><
>: ð24Þ
The geometrical relationship of the maneuver positions can
be seen in Fig. 4.
Eq. (23) can then be expressed as:
sin
ht2 þ ht1
2
 r
	 

¼ c cos ht2  ht1
2
ð25Þ
where sin r ¼ aﬃﬃﬃﬃﬃﬃﬃﬃ
a2þc2
p , cos r ¼ cﬃﬃﬃﬃﬃﬃﬃﬃ
a2þc2
p , and c ¼ bﬃﬃﬃﬃﬃﬃﬃﬃ
a2þc2
p . The solu-
tions of Eq. (25) are shown in Fig. 4.Once the fht1 ; ht2g in Eq. (25) is determined, a correspond-
ing two-impulse transfer solution can be obtained which is
shown in Fig. 5. The coefﬁcient c has an important effect on
the distribution of fht1 ; ht2g. When c=± 1,
ht2þht1
2
 r ¼  p
2
 ht2ht1
2
 
, as seen in the inclined straight lines
in Fig. 5. When c= 0,
ht2þht1
2
 r ¼ 0, as seen in the horizontal
line in Fig. 5. If c=±1, ht2ht1
2
¼ p
2
, which is shown as the
vertical line in Fig. 5. Other c values correspond to the curves
in Fig. 5.
According to Eq. (25), if 0 < Œc Œ< 1, no matter what
ht2ht1
2
is, sin
ht2þht1
2
 r
   < 1 always holds true. Hence the
solution of
ht2þht1
2
 r must lie in a conﬁned range. Similarly,
when 1 < Œc Œ<1, regardless of what ht2þht1
2
 r is,
j cos ht2ht1
2
j < 1 always holds true, and ht2ht1
2
is not always solv-
able. However, if
ht2ht1
2
¼ p
2
, the solutions of Eq. (19) must ex-
ist, which are
ht2þht1
2
¼ r; ht1 ¼ r p2, and ht2 ¼ rþ p2. After
fht1 ; ht2g is determined, the two impulses fvt1 ; vt2g can be ob-
tained according to Eq. (20).
Based on the above equations, the relationship of fuel cost
and maneuver positions fht1 ; ht2g can be expressed as
1560 J. Yin, C. Hanjdvjsum ¼ f ht2þht12
 
. The geometric characteristics of the
transfer solutions can be easily obtained from
ht2þht1
2
and
ht2ht1
2
in Figs. 4 and 5.
4.3. Control of the difference of the mean argument of latitude
DM0
Similarly, two opposite thrusts separated by an orbital period
can be applied parallel to the x-axis of the Fo frame to elimi-
nate the drift of DM0. The ﬁrst burn occurs at a discretionary
phase position of uDM
0
x1
with the impulse velocity increment
dvDM
0
x1
and the second occurs at the position uDM
0
x1
with the im-
pulse velocity increment dvDM
0
x2
¼ dvDM0x1 .
In this way, the control of DM0 which has no effect on the
other relative orbit elements can be expressed as:
dD ¼ 0
dDe ¼ dDex
dDey
 
¼ 0
dDM0 ¼ dvDM0x1 3gr 2pn
8>><
>>:
ð26Þ
Then dvDM
0
x1
would be
dvDM
0
x1
¼  rn
6gp
dDM0 ð27Þ
Apparently when the thrust is applied at the perigee, the
control of DM0 is fuel-optimal and the impulsive direction is
along the track. The ﬁrst burn can also happen at ht1 combined
with the control of D and De. Thus, three burns can be avail-
able in in-plane control.
The following conclusions can be obtained on the basis of
the analysis of the control laws previously developed. Four
burns can be available in the ROE-based control, including
one burn for out-of-plane control and three burns for synthe-
sis in-plane control. At least one orbit period is required to
achieve in-plane control and out-of-plane control from the
ﬁrst burn to the last. The relationship between fuel cost
and maneuver positions can be studied to derive the optimal
impulsive control method using the relative orbit elements.
The ROE-based control strategy can also be applied under
near-circular reference orbit conditions because there is no
singularity.
4.4. Analytical suboptimal along-track maneuver control
strategy
The numerical optimal impulsive control solutions can be
obtained by choosing the maneuver positions fht1 ; ht2g using
the control strategy proposed in Section 4.3. However, the
analytical in-plane fuel-optimal control strategy
mindvt1 ;dvt2 ;ht1 ;ht2 ðjdvt1 j þ jdvt2 jÞ
 
in an elliptical orbit is difﬁcult
to derive. Then the suboptimal design objective in terms of rel-
ative orbit elements can be deﬁned as follows:
min
dvt1 ;dvt2 ;ht1 ;ht2
jdvt1 j þ jdvt2 jð Þ ð28Þ
When the chief orbit eccentricity eﬁ 0, the transfer solu-
tions of Eq. (28) are actually fuel optimal.
Using Lagrange multiplier vector k ¼ k1 k2 k3½ , the fol-
lowing objective function can be obtained:J1 ¼ jdvt1 j þ jdvt2 j
þ k1 ð1þ e2 þ 2e cos ht1 Þdvt1 þ ð1þ e2 þ 2e cos ht2Þdvt2
 
 k1 1 e
2
2
dDa
	 

þ k2 2ðeþ cos ht1Þdvt1 þ 2ðeþ cos ht2Þdvt2  dDexp
 
þ k3 2dvt1 sin ht1 þ 2dvt2 sin ht2  dDeyp
 
ð29Þ
The following equation can be obtained to derive the opti-
mal solution:
oJ
oðdvt1 ; dvt2 ; ht1 ; ht2 ; k1; k2; k3Þ
¼ 0 ð30Þ
Then the necessary conditions of the optimal solutions in
Eq. (29) can be expressed as
k1ð1þ e2þ2ecos ht1 Þþ2k2ðeþ cos ht1 Þþ2k3 sin ht1 ¼sgnðdvt1 Þ
k1ð1þ e2þ2ecos ht2 Þþ2k2ðeþ cos ht2 Þþ2k3 sin ht2 ¼sgnðdvt2 Þ
ðek1þk2Þsin ht1 k3 cos ht1 ¼ 0
ðek1þk2Þsin ht2 k3 cos ht2 ¼ 0
2
1e2 ½ð1þ e2þ2ecos ht1 Þdvt1 þð1þ e2þ2ecos ht2 Þdvt2  ¼ dDa
2ðeþ cos ht1 Þdvt1 þ2ðeþ cos ht2 Þdvt2 dDexp¼ 0
ð2sin ht1 Þdvt1 þð2sin ht2 Þdvt2 dDeyp¼ 0
8>>>>>><
>>>>>>:
ð31Þ
Based on Eq. (31), the optimal solutions must meet either of
the two conditions: sin ðht1  ht2Þ ¼ 0 or ek1 + k2 = 0, k3 = 0.
Hence, two types of optimal transfer solutions can be obtained
under the following two conditions:
Case A : ht2 ¼ ð2Nþ 1Þpþ ht1 ; N ¼ 0; 1; 2; . . .
Case B : dvt1  dvt2 > 0

ð32Þ
Then the discussion of optimal solutions can be divided
into two situations.
Case A: ht2 ¼ ð2Nþ 1Þpþ ht1 ; N ¼ 0; 1; 2; . . .
The following equation can be obtained based on Eq. (25):
sin
ht2 þ ht1
2
 r
	 

¼ 0 ð33Þ
The relationship of fht1 ; ht2g can be expressed as
ht2 þ ht1 ¼ 2rþ 2Np ð34Þ
Hence, the impulsive positions are
ht1 ¼ r p2
ht2 ¼ rþ p2 þ 2Np

ð35Þ
The two thrusts can then be expressed as
dvt1  dvt2 ¼  dDeyp2 cos r
dvt1 þ dvt2 ¼ b2ð1e2Þ
(
ð36Þ
The corresponding magnitudes of the two thrusts are
dvt1 ¼ b
ﬃﬃﬃﬃﬃﬃﬃﬃ
a2þc2
p
4ð1e2Þ
dvt2 ¼ bþ
ﬃﬃﬃﬃﬃﬃﬃﬃ
a2þc2
p
4ð1e2Þ
8><
>: ð37Þ
Case B: dvt1  dvt2 > 0
When dvt1  dvt2 > 0, according to Eq. (31), dvt1 þ dvt2 can
be expressed as
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b
2ð1 e2Þ ð38Þ
Hence, the fuel consumption jdvt1 j þ jdvt2 j in this condition
is a constant. Then the maneuver positions will not affect the
fuel cost. Thus, Case A can be chosen as the control strategy,
which can be expressed as:
dvt1 ¼ b
ﬃﬃﬃﬃﬃﬃﬃﬃ
a2þc2
p
4ð1e2Þ
dvt2 ¼ bþ
ﬃﬃﬃﬃﬃﬃﬃﬃ
a2þc2
p
4 1e2ð Þ
ht1 ¼ rþ p2 þ 2Np
ht2 ¼ r p2
8>>>><
>>>>:
ð39Þ
When eﬁ 0, the two required tangential impulses in Eq.
(39) would change to
dvt1 ¼ na4 ðdDaþ kdDekÞ
dvt2 ¼ na4 ðdDa kdDekÞ

ð40Þ
The following conclusions can be obtained on the basis of
the analysis of the above equations: (1) transfer solutions al-
ways exist when
ht2ht1
2
¼ ð2Nþ1Þp
2
; (2) if the two tangential thrusts
are applied at
ht2ht1
2
¼ ð2Nþ1Þp
2
, the fuel cost are optimal for
min jdvt1 j þ jdvt2 jð Þ. When the reference orbit eccentricity
eﬁ 0, the control strategy is fuel optimal. Analytical fuel opti-
mal solutions can be easily obtained using a numerical method.
5. Numerical simulations
In this section, ﬁve numerical simulations demonstrate the per-
formance of the proposed ROE-based elliptical formation con-
trol law for elliptical formation control.
5.1. Example 1: comparison of in-plane control strategies
Suppose that the initial positions and velocities of the chief and
deputy satellites in space are similar. The two satellites move
on an elliptical orbit with semi-major axis 7555 km and incli-Fig. 6 Relationship of fuel cost and manation of angle 48. The initial right ascension of the ascending
node, the argument of the perigee, and the true anomaly of the
satellites are all 0.
The desired relative orbit elements of the formation are de-
signed as
D Dex Dey DM
0  ¼ 0 Dd=a Dd=a 0½  ð41Þ
The problem of elliptical formation design can be seen in
Ref.2. The relative motion scale Dd= 1000 m. The relation-
ship between fuel cost and difference in maneuver positions
is shown in Figs. 6 and 7. The solid lines in Figs. 6 and 7 are
the results of the numerical tangential control method based
on Eqs. (20)–(25).  denotes the numerical optimal impulsive
control solutions and . represents the solutions of the analyt-
ical suboptimal along-track maneuver control strategy which is
shown in Eq. (39).
As shown in Fig. 6, if the chief orbit eccentricity eﬁ 0, the
difference in fuel-optimal maneuver locations approaches p
when using the tangential impulsive control strategy. When
the reference orbit eccentricity is increasing, the fuel consump-
tion becomes higher. If e „ 0, the control strategy with minimal
fuel cost can still be easily found in the elliptical orbit based on
Eqs. (20)–(25) using a numerical method. The transfer solutions
proposed in Eq. (39) can be used to obtain an analytical control
strategy which is nearly fuel optimal. Fig. 6(a) shows the rela-
tionship of the normalized fuel consumption dv/v and the dif-
ference in the maneuver locations dh ¼ ht2  ht1 . Fig. 6(a)
shows that the two methods used to ﬁnd optimal solutions
are the same. Fig. 6(b) shows that the minimal fuel consump-
tions obtained from both methods are nearly the same.
Different from the above target formation, let the desired
Da ¼ 8kDek, and then b2 > c2 + a2, which makes
dvt1  dvt2 > 0. The transfer solutions are shown as solid lines
in Fig. 7. Fig. 7(a) shows that the normalized fuel cost is con-
stant and the transfer solutions lie in a conﬁned range, which is
previously proposed in Fig. 5. Fig. 7(b) shows the fuel cost of
the two tangential impulsive control methods. When the chief
orbit eccentricity is increasing, the required fuel cost becomes
lower in Fig. 7, which is different from the conclusion in Fig. 6.neuver positions when dvt1  dvt2 < 0.
Fig. 7 Relationship of fuel cost and maneuver positions when dvt1  dvt2 > 0.
Table 2 Control strategy of formation establishment.
Sequence Thrust position (u) Impulsive velocity in Fo
frame (m/s)
1 p2 [0 0.2790 0]
2 p [0.0279 0 0]
3 2p [0.0140 0 0]
4 3p [0.0279 0 0]
Fig. 8 Control of the relative orbit elements.
Table 1 Orbit parameters of the two satellites.
Chief satellite a (km) e i () X () x () M ()
20000.0 0.6 60.0 0 0 0
Desired deputy satellite D (s1) Dex Dey Dix Diy DM0
0 2.5 · 105 0 5.0 · 105 0 0
1562 J. Yin, C. HanAs shown in Figs. 6 and 7, the two tangential thrusts ap-
plied at ðht2  ht1Þ=2 ¼ ð2Nþ 1Þp=2 can be available for the
elliptical relative motion control.
5.2. Example 2: formation establishment
Let the eccentricity of the reference orbit e0 = 0.6. The initial
orbit parameters are shown in Table 1. Let Dd= 1000 m, and
the desired relative orbit elements are designed through the fol-
lowing equation
D Dex Dey Dix Diy DM
0  ¼ 0 Dd=a 0 2Dd=a 0 0½ 
ð42Þ
The desired relative orbit elements of the deputy satellite
are also shown in Table 1. The analytical suboptimal along-
track maneuver method proposed in Eq. (39) is adopted to
achieve in-plane control.
The chief and deputy satellites are assumed to have the
same position and velocity initially, which means the relative
orbit starts from the origin. The control strategy and the fuel
consumption dv used to establish the formation in Example
2 are shown in Table 2. The total in-plane impulse velocity
dv consumed using the optimal method is 0.3488 m/s. Fig. 8
shows the control of the relative orbit elements. The desired
ROEs can be attained accurately through the four impulses.
The control errors of relative orbit elements can be de-
scribed using the following parameter:
Error2 ¼ ðdD  a0=n0Þ2 þ ðdDex  a0Þ2 þ ðdDey  a0Þ2
þ ðdDix  a0Þ2 þ ðdDiy  a0Þ2 þ ðdDM0  a0Þ2 ð43Þ
(a) Relative position in x-y plane (b) Relative position in x-z plane 
(c) Relative position in y-z plane (d) Relative position in 3D space 
Fig. 9 Relative orbit trajectory for formation establishment.
Elliptical formation control based on relative orbit elements 1563where dROE denotes the control of the ROEs. Using Eq. (43),
the errors of the relative orbit control method proposed in this
paper can be evaluated. In this example, the ﬁnal Error = 0.
The relative orbit trajectory for the deputy satellite with
respect to the chief satellite established with the ROE-based
control law is shown in the chief satellite Fo frame in
Fig. 9.
5.3. Example 3: formation reconﬁguration
In this example, a reconﬁguration problem is studied to con-
struct a new elliptical formation. The initial Dd= 3 km and
the target Dd= 8 km. The current and desired conﬁgurations
are the same as in Example 2. The orbit of the chief satellite is
shown in Table 1.
The center of the target formation would be the chief satel-
lite. Fig. 10 shows the transfer track from the initial elliptical
formation to the new one using the ROE-based optimal rela-
tive motion control law. The total impulse velocity dv con-
sumed using the suboptimal method is 1.7439 m/s. The ﬁnal
control error is also 0 m.
5.4. Example 4: gravitational perturbation effects
The three previous examples are all based on the two-body
assumption. The chief satellite is assumed to be running on
an elliptical orbit. In this example, the effects of gravitational
perturbations J2, J3, and J4 are considered in the simulation.Based on Schaub’s conclusion on formation ﬂying control with
J2 perturbation, the relative orbit control should be setup with
mean orbit elements. Introducing Brouwer’s artiﬁcial satellite
theory25 into the ROE-based relative motion model is simple.
With the classical Brouwer’s transformation between osculat-
ing and mean orbit elements, the current mean ROEs for the
deputy satellite relative to the chief satellite can be obtained.
Then the control law module would work with the input of
mean ROE control quantity.
The typical initial orbit parameters are shown in Table 3.
The chief and deputy satellites are assumed to have the same
position and velocity initially. The simulation time is 100 rev-
olutions (about one month).
The effects of gravitational perturbations J2, J3, and J4 are
shown in Fig. 11. Fig. 12 illustrates the relative tracks under
the mean ROE feedback control law with a control period of
three revolutions. The total fuel cost is 1.1111 m/s. The total
fuel cost for the elliptical formation establishment is
1.0021 m/s, and the total fuel cost for maintaining formation
is only 0.109 m/s.
5.5. Example 5: relative navigation error effects
While considering formation control missions, navigation er-
rors such as relative position measurement errors cannot be ig-
nored. In order to study the effects of relative navigation errors
and demonstrate the proposed elliptical formation feedback
control law, the following simulation is carried out.
(a) Relative position in x-y plane (b) Relative position in x-z plane 
(c) Relative position in y-z plane (d) Relative position in 3D space 
Fig. 10 Relative orbit trajectory for formation reconﬁguration.
Table 3 Orbit parameters of the chief and deputy satellites.
Chief satellite a (km) e i () X () x () M ()
20000.0 0.3 60.0 0 0 0
Desired deputy satellite D(s1) Dex Dey Dix Diy DM0
0 0.5 · 104 0.5 · 104 1.0 · 104 1.0 · 104 0
(a) Relative position in x-y plane (b) Relative position in 3D space
Fig. 11 Relative orbits considering the effects of gravitational perturbations J2, J3, and J4.
1564 J. Yin, C. Han
(a) Relative position in x-y plane (b) Relative position in 3D space
Fig. 12 Relative orbits without considering the effects of gravitational perturbations J2, J3, and J4.
Fig. 13 Relative control errors considering the relative mea-
surement errors.
Fig. 14 Control of the relative orbit elements considering the
relative measurement errors.
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meet the Gaussian distribution and can be expressed as
dx ¼ Sca
10000
gaussrand ð44Þ
where dxmeans the relative position measurement errors in the
Fo frame of the chief satellite, Sca is the relative distance be-
tween the two satellites, and gaussrand  N(0,1) means the
random number which meets the Gaussian distribution.
Then the corresponding errors of relative orbit elements can
be expressed as
droe ¼ C1ðtÞ dx
0
 
ð45Þ
The initial and desired formations are the same as those of
Example 2. Unlike the rendezvous mission, the relative posi-
tion measurement errors always exist in formation ﬂying as
Sca „ 0. The relative control errors can be obtained using
Eq. (43). Seen from Fig. 13, the relative control errors can
be restricted in a relatively small interval compared to the scale
of formation ﬂying. The control results can be seen in Figs. 14
and 15. The simulation shows that the proposed control meth-
od is applicable and accurate for elliptical formation control.
The ROE-based feedback control law can be used to compen-
sate for the relative measurement errors.
6. Conclusions
This paper investigates the control problem of the elliptical rel-
ative motion based on the relative orbit elements. In contrast to
other sets of ROEs, the new set of relative orbit elements is not
simply the differences between the deputy and chief orbital ele-
ments, which results inmore accurate relativemotion equations.
The contributions of this paper primarily involve the fol-
lowing. The inverse transformation of the state transition ma-
trix is derived analytically to study the relative orbit control
strategy using the Poisson bracket theory. The new elliptical
formation control method has no singularity problem which
can be used in both cases of circular and elliptical formation
ﬂying. The control of the in-plane and out-of-plane relative
motions can be completely decoupled using the ROE-based
feedback control law. The relationship between fuel cost and
(a) Relative position in x-y plane (b) Relative position in x-z plane
(c) Relative position in y-z plane (d) Relative position in 3D space
Fig. 15 Relative orbit trajectory considering the relative measurement errors.
1566 J. Yin, C. Hanmaneuver positions is studied to derive the optimal tangential
impulsive control method using the relative orbit elements. An
analytical suboptimal impulsive control strategy is derived and
analyzed. The fuel cost of this analytical suboptimal control
method is shown to be economical. The new approach is dem-
onstrated to be applicable and accurate for elliptical formation
establishment, reconﬁguration, and formation keeping with
the ROE-based control laws.Acknowledgements
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